In this note we show that if G is a countably infinite abelian group such that nG = 0 for some integer n, then the only locally minimal group topology on G is the discrete one.
A Hausdorff topological group (G, τ ) is called locally minimal if there exists a neighbourhood U of the identity such that for every weaker Hausdorff group topology τ ′ on G, if U is a τ ′ -neighbourhood of the identity, then τ ′ = τ .
In [1] , Außenhofer a et al. posed the following question (see also [3] ): Does the group ω Z(2) admit a non-discrete locally minimal group topology?
Here we will answer this question in negative.
Theorem 1. Let n be a positive integer and G a countably infinite abelian group such that nG = 0, then the only locally minimal group topology on G is the discrete topology.
Proof. By way of contradiction we assume that G carries a non-discrete locally minimal group topology. Then every neighbourhood of 0 is infinite. According to [4, Lemma 2.3], there exists a closed neighbourhood U of 0 such that every closed subgroup of G contained in U is minimal. By Zorn's Lemma we know that there is a maximal element K in the poset of subgroups of G contained in the interior of U. We will see that K is infinite. Indeed, for every k ∈ K, there exists a neighbourhood V k of 0 with k + V k ⊂ U. Let V = k∈K V k , then we obtain that K + V ⊂ U.
If K were finite, then V would be a neighbourhood of 0. So we can choose a neighbourhood W of 0 with W + W + ... + W n times ⊂ V . Since W is infinite, W \ K is non-empty. Take x ∈ W \ K, then x ⊂ V and hence, K + x ⊂ U. Evidently K + x properly contains K, this contradicts to the maximality of K.
By the above argument we see that the closure of K, K is a countably infinite closed subgroup of G contained in U, so it is minimal. According to the famous Prodanov-Stoyanov theorem, K is precompact. Then the completion H of K is compact. Since nH = 0, there exists a prime divisor p of n such that L := {x ∈ H : px = 0} is infinite. Note that L is also compact, so |L| ≥ 2 ω (see [2, Corollary 5.2.7.]). By minimal criterion, K should be essential in H, i.e., every non-trivial closed subgroup of H meets K non-trivially. Therefore, L = Soc(L) ≤ K. This contradicts to the countability of K.
Remark 2. Dikranjan noted that Protasov also found a negative solution to this question while his solution has not been published yet.
